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Experimental and numerical evidence of coherence resonance in an electrochemical system is reported.
External noise with a Gaussian distribution is superimposed on the system when the anodic current is exhib-
iting stationary(fixed poin) dynamics below a supercritical Hopf bifurcation. The amplitude of the added
stochastic perturbations is increased monotonically and the induced oscillatory behavior is analyzed. It is
observed, both in experiments and in simulations, that the regularity of the noise induced current oscillations
reaches a maximum value for an optimum noise level. This is indicative of coherence resonance and can be
explained with a mechanism based on noisy precursors to a Hopf bifurcation.
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The apparent counterintuitive ability of noise to increaseof the noise provoked oscillations is quantified using the co-
the coherence of a dynamical system has attracted the atteherence factog (7,19,
tion of the scientific community. This phenomenon can be
roughly classified into two different areas. First, stochastic B=HIW, 1)
resonancéSR) [1] is the term used to define a process in
which the addition of fluctuations amplifies a weak determin-whereH is the height andV is relative width of the domi-
istic signal. An optimum amplificatiofintensity and fidelity =~ nant peak of the power spectrum. The experimental work is
of this signal is achieved for a particular level of superim-augmented by supporting numerical simulations.
posed noise amplitude. SR has been detected and analyzedA _standard electroqhemical cell consisting of a nickel
[2] in a number of physicdl3], chemical4,5], and biologi- working electrode(Aldrich, 99.99%t+, 1 mm diameter a
cal [6] systems. Second, coherence resond®® [7—9] is Hg/Hg,SO, /cc. K,SO, reference ele(_:trode, and a platinum
the emergence of coherence in noise-induced oscillation§N€Sh counter electrode are used in the experiments. The

CR differs from SR in that in the former there is no deter_e'lectrode is embedded in epoxy and reaction takes place only

ministic signal being enhanced by virtue of superimposeaat the ends. The potential of the electrodds controlled

noise. CR can manifest itself in different systems due toWIth a pqtentlosta(EG&Ss PAR 273. Noisy pertl_eratlons of
different mechanisms. In excitable systems, the essential rofhe circuit potenpa}\/(t) =Vot DE(Y), whereVo is an off_set

s o . Sotennal (set point of the autonomous systerD is noise
of slow and fast dynamics, and the nonuniformity of oscilla-

. : . amplitude, andé(t) is zero mean Gaussian noise with unit
.“OOS was t.emphas[ze[(B,lO]. This approach was successful standard deviation are carried out with 16DitA card with
in interpreting CR in neuron modef41,12 and in the Ya-

. , : , an update frequency of 100 Hz and accuracy 0.03 mV. Zero
mada model of a semiconducting lag28]. CR in excitable  agistance ammeter is used to measure the current of the

systems was experimentally confirmed in a laser diode withyectrode(rate of Ni dissolutionand data acquisition is done
optical feedback14] and in electronic circuit§l5]. CR has 4t 100 Hz. The experiments are carried out in 4.5 M sulfuric
also been observed in bistable systems such as in simulatioggid solution at a temperature of 11°C.
of the FitzHugh-Nagumo modg12] and in both simulations The dynamics of the electrodissolution of Ni in sulfuric
and experiments with the chaotic Chua moldes]. acid have been known to exhibit rich dynamics including

A general mechanism of CR was proposed based onistability, oscillations generated by Hopf and saddle-loop
“noisy precursors”[17]. Wiesenfield demonstratdd8] that  bifurcations, and low-dimensional chaf0,21. The vari-
the power spectrum of a system observed after a bifurcatioous behaviors are obtained with different experimental con-
point can, nevertheless, be visible even before the bifurcatioditions such as concentration of electrolyte, circuit potential,
point if there is noise present. Coherence resonance can eode of cell operatiorigalvanostatic or potentiostafjcand
explained 17] by interplay of the constructive effect of noise external resistor connected in series with the electrode. To
as promoting coherent precursors and by the well-known desbtain coherence resonance, we set the conditions
structive effect as eliminating order. (4.5 MH,SO,, 250() resistoj close to a supercritical Hopf

In this article, we provide experimental confirmation of bifurcation. The primary bifurcation parameter is the circuit
coherence resonance in a system that is neither excitable npetential. AtV,=1.155V, a supercritical Hopf bifurcation
bistable. We consider the effect of noise on a stable focus itekes place and oscillations with a frequency of about 2.2 Hz
the vicinity of a supercritical Hopf bifurcation; we investi- are seen above the bifurcation point. The experiments are
gate the noisy precursors to the bifurcation. The periodicitycarried out in the suboscillatory regiovi,=1.153 V and

1063-651X/2003/6(B)/0352014)/$20.00 67 035201-1 ©2003 The American Physical Society



RAPID COMMUNICATIONS

KISS et al. PHYSICAL REVIEW E 67, 035201R) (2003
1 a 1 b 8000 T T T T
0.8 0.8 7000t
_ N e
Eo,s* Eo_sN\MNW\MN\NW\MMMAM TN
Z = 6000 . s
0.4 ~ 04 ’ '
0.2 0.2 5000 2 .
P - \
10 15 20 10 15 20 \
t(s) t(s) 40001 / \
1 ¢ 1 d / Y
3000F . \
0.8 0.8 J/ .
—_ — I ,
o6 NVW\/WVWW\MMAMWW < 06 2000
To04 04 1000,
0.2 0.2
10 15 20 10 15 20 0 10 15 20 25 30
t(s) t(s)

D (mV)

FIG. 1. Experiments. Time series of current at different noise
strengths ¥,=1.153 V, R=250Q). (a) Without noise, D
=0 mV. (b) Small added noisé) =3 mV. (c) Optimal coherence
at intermediate noise strength,=12 mV. (d) Large noise ampli-
tude,D=18 mV.

FIG. 2. Experiments. The coherence facpias a function of
noise amplitudeD for just below {/,=1.153 V, squargsand fur-
ther away V,=1.148 V, circleg from the Hopf bifurcation point.

de V-e exp(0.5e)

Vo,=1.148V, i.e., 2 and 7 mV below the supercritical Hopf ~ dt R "1+Cpexpe)

bifurcation point. @)
A series of experiments have been perforn@d the 40 exp(0.5)

suboscillatory parameter domaify increasing the noise i At

strengthD on circuit potential. Results shown in Fig. 1 cor- dt  1+Chexple)

respond toVy=1.153 V, i.e., just below the Hopf bifurca-

tion. Without any noise, the system rests at steady §tate

Fig. 1(@)]. As a result of some very small inherent experi-

mental noise, the steady state of the system is continuously ) ) _ _

disturbed and a somewnhat noisy fixed point behavior is obWheree is the dimensionless potential drop on the double

served. The power spectrum analysis shows a small peak @yer. ¢ is the total coverage of nickel oxide and hydroxide,

f=2.58 Hz, which can be regarded as an indication of noisfh is the dimensionless concentration of the electrolijtg,

precursors due to weak inherent system noise. This frelS @ time scale ratioy is the dimensionless circuit potential,

quency is close to that of the autonomous oscillations ob@NdRis the dimensionless series resistance. The dimension-

served after the Hopf bifurcatiof2.2 Hz). With small added IE‘TSS cgrrent is obtained a$:(V—e)_/R. This two-
(external noise, small amplitude oscillations start to emerged'm.enSIonal model captures the esse_nt|al fea_tures of the ex-
' perimental electrochemical cell used in experiments.

[F|g. Ub)] with a frequencyf :.2'5.5 HZ_‘ With Increasing Dynamics similar to those seen in experiments are ob-
noise, the amplitude of the oscillations increadeyg. 1(c)]. tained with model parametefd, = 10"2, C,=1600, andR
With excessive noise, intermittent regions of noisy periodic_g aq the bifurcation parametev is continuously in-

oscillations and noise dominated regions are observed as $eased. the model system undergoes a supercritical Hopf

shown in Fig. 1d). _ bifurcation atV,=2.867. Oscillations in the dimension-
The coherence fact¢7,19) was calculated to quantify the jess anodic current with a natural frequency fof 8.94
periodic nature of the noise induced oscillations in the anodic 10-2 occur forV,= 3.0, above the Hopf bifurcation. Simi-
current. Figure 2 shows the computed coherence factgar to the experiments, simulations are carried out in the
curves using the experimental time series. The two curvesuboscillatory regionV,=2.7 andV,=2.0, below the su-
correspond to two different values @f, in the suboscillatory  percritical Hopf bifurcation point.
regime. The coherence factor exhibits a maximum as a func- To mimic experimental results the circuit potential was
tion of noise amplitude. The position of the maximum de-perturbed stochastically=Vy,+Dé&. This system of sto-
pends on the distance of the set poifg from the Hopf chastic differential equations was integrated using the Euler-
bifurcation. Optimal coherence occurs at smaller noise amMaruyama algorithmi22]. The Euler-Maruyama method is a
plitude close to the Hopf bifurcation. simple stochastic Euler integrator used to simulate noisy dif-
We used the following dimensionless mofi20] simulat-  ferential equations. Figure(® shows the time seriesv
ing Ni dissolution to validate our experimental findings: =2.7) without noise. The model system exhibits stable focus

+0.3exge) |(1—6),

(1-90)

exp2e)

-6x10 °C,—————4,
10 3C,+expe)

)

035201-2



RAPID COMMUNICATIONS

EXPERIMENTS ON COHERENCE RESONANCE: NOISY ... PHYSICAL REVIEW6&Z, 035201R) (2003
3 40
(a) (b)
—_ V=27
-==- Vo=20
2 | |
- 30 |
1c PAAMAAAAr e AR s A AN
0 @20 |
3
() (d)
2 ) H
10 |
1
0 L 1 L 1
0 0.2 04 0.6 0.3 1
0 L L D
6600 6800 6600 6800
dimensionless time dimensionless time

FIG. 4. Simulations. The coherence facfgras a function of
FIG. 3. Simulations. Time series of dimensionless current atnoise amplitudeD for just below (/,=2.7, squaresand further
different noise strengthsVp=2.7R=5). (a) Without noise(stable  away (V,=2.0, circle$ from the Hopf bifurcation point.
focug, D=0. (b) Small noise,D=0.02. (c) Optimal coherence at
intermediate noise strengtl=0.55. (d) Large noise amplitude, We have carried out laboratory experiments on coherence
D=1.0. resonance close to a supercritical Hopf bifurcation. The
emergence of noise induced oscillations has been observed;
the regularity of these induced oscillations is quantified using
the coherence factgs. It is shown that the induced current
oscillations show maximal periodicity for a particular ampli-
tude of the superimposed noise. The coherence resonance
n be understood based on the idea of noisy precursors; the
equencies of the induced oscillations are close to that of the
autonomous oscillations above a neighboring bifurcation

large amounts of noise. These invoked current oscillation§0!Nt The experimental results were confirmed by numerical

are consistent with the experimental observations shown iﬁlmulatlons of the chemical system. .
Fig. 1. The results on coherence resonance near a Hopf bifurca-

tion can be extended to a variety of nonlinear systems. Evi-
dence of coherence resonance indicates the emergence of

unperturbed dynamics. Consistent with experimental obse _trr]ucture(regularit)b. in the presence of random quctu_atior]s.
vations, the curves show maxima as the amplitude of super- N seIfTorgamzatlQn mamfest_ed by numerous biological
imposed noise is increased. This indicates that for an opti§ys.ternS |mmers§d In noIsy epwronments could perhaps have
mum value of added noise maximal regularity of the induced® similar undertying mechanism.

current oscillations is achieved. As in experiments, our simu- This work was supported by the National Science Foun-
lations indicate that for set poii, closer to the supercritical dation (Grant No. CTS-0000483 the Office of Naval Re-
Hopf bifurcation maximumB occurs at smaller noise ampli- search (Grant No. N00014-01-1-0603 and CONACyYT
tude. (Mexico).

dynamics with a characteristic frequency fof 9.27x 102

in the vicinity of the stable fixed point. With small added
noise small amplitude oscillations start to eme§ig. 3b)]
with a frequencyf=9.22<10 2 close to the characteristic
frequency of the stable focus, and also close to the frequen
of oscillations above the Hopf bifurcation. Figure&)3and
3(d) show the noise provoked oscillations for optimum and

Figure 4 shows the coherence fac®icomputed for two
different set points/, (in the suboscillatory domajrof the
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